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Prom Quantum Affine Kac-Moody Algebras to Drinfeldians 

and Yangians 

V.N. Tolstoy 

Abstract. A general scheme of construction of Drinfeldians and Yangians 
from quantum non-twisted affine Kac-Moody algebras is presented. Explicit 
description of Drinfeldians and Yangians for all Lie algebras of the classical 
series A, B, C, D is given in terms of a Chevalley basis. 



1. Introduction 

Rational and trigonometric deformations of a universal enveloping algebra 
(q is a finite-dimensional complex simple Lie algebra) - Yangian Y n (g) and 
a quantum ((/-deformed) affine algebra U q (Q[u\) - are playing increasingly a role in 
the theory of integrable systems and the quantum field theory. For applications 
it is useful to know various realizations (or bases) of these deformations. Among 
various realizations the Chevalley basis plays a special role due to its compactness 
and simplicity. In the case of the quantum affine algebras the Chevalley basis was 
originally introduced in the defining relations while the Yangians were initially de- 
fined in terms of a finite Cartesian basis (the first Drinfeld realization [2]) as well 
as in terms of a special infinite basis (the second Drinfeld realization pj|). It was 
not clear whether does exist a Chevalley basis for the Yangians. 

Recently in |12l I13| it was shown that the Yangian can be realized in terms 
of Chevalley basis and, moreover, there was found a simple connection of this 
realization with the corresponding quantum affine algebra (also see |14l ll5 1). This 
connection allows to introduce a new Hopf algebra called Drinfcldian which depends 
on two deformation parameters q and r\. The Drinfeldian £> OT (g) can be considered 
as quantization of U(g[u]) in the direction of a classical r-matrix which is a sum of 
simplest rational and trigonometric r-matrices. When the parameter q goes to 1 
we obtain the Yangian Y v (g) in terms of the Chevalley basis. 

In this paper we remind once more the procedure of construction of the Drin- 
fcldian D qrj ($) and the Yangian Y v (q) in terms of the Chevalley basis starting from 
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the defining relations of the quantum afhne algebra U q (Q[u\). General defining re- 
lations for D qri (o) depend on some vector e~g £ Uq(g), where 9 is a maximal root 
of the Lie algebra q. We can choose such vector e_g in order to obtain more simple 
explicit formulas for the defining relations of D qv (g) and Y v (g). Here we give these 
explicit defining relations of Drinfeldians and Yangians for all Lie algebras of the 
classical series A, B, C, D. 

The plan of this paper is as follows. In Section 2 a fundamental result of the 
paper by A. Belavin and V. Drinfcld 1 concerning classification of the classical 
Yang-Baxter equation (CYBE) is briefly presented. In Section 3 we demonstrate 
that a sum of the simplest rational and trigonometric r- matrices is also a solution of 
CYBE. In order to compare our realization of the Yangian with Drinfeld's realiza- 
tions we present two Drinfeld's realizations in explicit form in Section 4. Section 5 
deals with the quantum algebra C/ g (fj[w]) for an arbitrary simple finite-dimensional 
complex Lie algebra g. In Section 6 we show how to construct a two-parameter 
deformation or the Drinfeldian D qv (g) starting from U q (g[u\). At q = 1 the Drin- 
feldian D qv (o) coincides with the Yangian Y n (g). In Sections 7-10 we give the 
explicit description of Drinfeldians and Yangians in the terms of the Chevalley 
basis for all Lie algebras of the classical series A, B, C and D. 

2. Classical Yang-Baxter equation (CYBE). 
Belavin-Drinfeld classification of CYBE solutions 

The classical Yang-Baxter equation (CYBE) is a equation of the form 

(2.1) [r 12 (u l7 u 2 ), r 13 {u l7 u 3 )+r 23 {u 2 ,u 3 )} + [r 13 { Ul ,u 3 ), r 23 {u 2 ,u 3 )] = , 

where r(u, v) is a function of two variables u, v with values in q <S> Q (fl is a finite- 
dimensional complex simple Lie algebra). Let {e,} be a basis of g then r(u,v) has 
the form 

(2.2) r(u, v) = fij (u, v) e l ® e 3 , 

where fij (it, v) are usual functions of the variables u and v. The notations r 12 {u\, 112), 
r 13 (ui,u 3 ) and r 23 (u2,u 3 ) are defined as follows: 

(2.3) r 12 (ui,u 2 ) = fij(ui,u 2 ) e, (g> ej (8) 1 

i,j 

etc. One usually assumes that the function r(u,v) satisfies the following additional 
properties: 

(i) the unitary condition: r 12 (u,v) = — r 21 (v,u), 
(ii) the function r(u,v) depends only on the difference z :— u — v. 

For the expression (|2.2() these properties are equivalent to 

(2.4) r{z) = J2fij( z ) e i® e 3 , 

where the functions fij(z) satisfy the relation 

(2-5) fij{z) = -fd-z) ■ 

In 1982 A. Belavin and V. Drinfeld 1 classified such z-dependent solutions 
of CYBE (SIH provided that r(z) is a "non-degenerate" meromorphic function. 
They showed that there exist three type of the solutions: rational, trigonometric 
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and elliptic. Namely, if fij(z) are rational functions of the variable z then the 
corresponding solution (|2.4(l is called rational, if fij (z) — (f>ij(exp(kz)), where <pij{ z ) 
are rational functions, then the corresponding solution (|2.4|) is called trigonometric 
and, finally, if the functions fij(z) are elliptic the solution is elliptic. The elliptic 
solution exists only for the case g — sl n . 

The classical Yang-Baxter equation B2.1J1 has a quantum analog, the quantum 
Yang-Baxter equation (QYBE), (r(z) — * R(zj): 

R 12 (z 1 -z 2 )R 13 (z 1 -z 3 )R 23 (z 2 -z 3 ) = 

= R 23 (z 2 -z 3 )R 13 (z 1 -z 3 )R 12 (z 1 -z 2 ) , 

(2.7) R(z) = l + hr{z)+0(h 2 ) . 

Where h is a deformation parameter. Every solution r(z) corresponds to a quan- 
tum deformation of U(q[u\) - a quantum group. The simplest rational r-matrix 
corresponds to a quantum group named Yangian (introduced by Drinfcld in 1985, 
PJ). The simplest trigonometric solution of CYBE corresponds to a ^-deformation 
of U(g[u\), the elliptic r-matrix corresponds to an elliptic quantum group. 



3. A rational-trigonometric solution of CYBE 

It turns out that a sum of the simplest rational and trigonometric r-matrices 
is also a solution of CYBE. For the sake of simplicity we take the case g = sl 2 := 
s[(2,C). The simplest rational r r t{u,v) and trigonometric r tr (u,v) solutions of 
CYBE have the form 1 

r rt (u - v) = 71 tt 2 , 
u — V 

. , / exp [u — v) + 1 _ 

r tr [u-v) = HI -S2 9 + e_ a ®e a 

\exp [u — v) — 1 

Here {h a , e± a } is a standard Cartan-Weyl basis of sl 2 with the defining relations: 

(3.2) [e a ,e- a ]=h a , [h a , e± a ] = ±(a, a)e± a ((a,a)=2). 
The element f2 2 is called the Casimir two-tensor: 

(3.3) r» 2 = |(a (c 2 )-c 2 ® 1-1®C 2 ) , 

where 

(3.4) C 2 = \ h 2 a + e_ Q e Q + e Q e_ Q 

is a second order Casimir element, and the symbol Ao is the primitive co-multipli- 
cation 

(3.5) A (a;) = x ® 1 + 1 ® x (Va: € st 2 ) • 

In the trigonometric r-matrix we make change of the variables exp u — ► u, exp v — > v 
then the trigonometric r-matrix takes the form 

(3.6) r tr (u, v) — hi fl 2 + e- a ® e a — e a <g) e_ 



^In contrast to 12.71 . here in 13.11 the deformation parameters r) and h are introduced ex- 
plicitly in the r-matriccs. 
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This function already does not depend on the difference u — v, but it also satisfies 
CYBE. Thus, we have to abandon the condition (ii) for r(u, v). However, right now 
it is easy to see that the sum of the rational and trigonometric solutions of CYBE 
is also a solution of CYBE. Indeed, we have 

(3.7) r tr (u+ 7},v + 7}) = r tr (u,v) + ^ r rt (u,v) for a E C . 
Since r tr (u, v) for any u and v satisfies CYBE 

(3.8) [r^( Ul ,u 2 ), r^( Ul ,u 3 )+r^(u2,u 3 )} + [r£?(ui,u 3 ), r£(u 2 , u 3 )\ = 

the sum r rtr (u, v) := r rt (u, v) + r tr (u, v) also satisfies CYBE. 

Each of the classical r-matrices r rt (u,v), r tr (u,v) and r r t r (u,v) defines its 
own Lie bialgebra (stajV], <5j) 0], where £j is the cocommutator given by 5i(x) = 
[x <g> 1 + 1 <g) x,r.i], (x S s[ 2 [u], Ti is one of our classical r-matrices). Each of 
these Lie bialgebras corresponds to a quantum deformation of J7(fl[u]). Using the 
comultiplication formulas of the quantum algebras £/ q (s[2[u]) and Y v {s\<z) one can 
show that the bialgebras for r rt (u, v) and TV (it, v) coincide with semiclassical limits 
of Uq{sh[u\) and Y^sh), i.e., for example, S tr = A° p — A q (mod ft 2 ) where A° p is a 
comultiplication opposite to A q , and analogously for S rt . 

The bialgebra with the rational-trigonometric r-matrix r r t r {u, v) := r r t{% v) + 
r tr (u, v) corresponds to a two-parameter deformation of £/(g[it]), which we call Drin- 
fcldian. Thus, the Drinfeldian D qn {sl2) is a quantization of J7(st2[u]) in direction of 
the classical r-matrix r rtr {u,v) and moreover the quantum algebra U q (sl2[u\) and 
the Yangian Y v (sl2) are limit quantum algebras of D q „(sl2) when the parameters 
of deformation r\ goes to and q goes to 1, correspondingly. 

Below we present a very simple scheme for construction of defining relations 
of the Drinfeldian D qn (Q) for any finite-dimensional complex simple Lie algebra q 
using the defining relations of the quantum (g-deformed) algebra U q (g[u\), and a 
limited pass q — > 1 gives us very simple defining relations for the Yangian Y n (g). 
Thus, we find very simple connection between the quantum affine algebra £/ g (jj[u]) 
and the Yangian Y n (g). 

In order to compare our realization of the Yangian in terms of a Chevalley 
basis with Drinfcld's realizations at first we present the Drinfcld realizations in an 
explicit form. There are three realizations of Y v (g), given by Drinfeld |2] - |4j- We 
give two of them. 

4. Drinfeld's realizations of Yangians 

Let g be a finite-dimensional complex simple Lie algebra. Fix a non-zero in- 
variant bilinear form ( , ) on g, and let {I a } be an orthonormal basis of g with 
respect to ( , ). 

1). The first Drinfeld realization of Yangians. 

definition 4.1. |2] The Yangian Y v (g) is generated as an associative algebra 
over C[[?7]] by the Lie algebra g and elements J(x), x € g, with the defining relations: 



J(Xx + /j,y) = XJ(x) + nJ(y), 

J([ x >y]) = [ x , J {y)] forx,yeg, \,fieC, 
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(4.2) 1 

if >J[[a:i,yi],^] = for Xi, y t , z t G g => 
( 4 - 3 ) £[[^i),J(w)U(*)] = ^XlZy^'W.^^^^) 

X J(Xy)} , 

where 2 the notations are used {ai, <i2, 03} := (1/6) ^ Q-iQ-j&k and /(a;, y, z, a, b, c) := 

Alt Sym ([x, [y, a]], [[z, b],c]). A comultiplication map (A^ : — > 

an antipode (S,, : l^(fj) — » ^(fl)) and a counite (e ?) : l^(fl) — > C) are given by the 
formulas (x G g) 

A v (x) = x(g>l + l(g>x , 
<4 ' 4 ' A r) (J(.T)) = J(x) (81 1 + 1 <g> J(x) + I [a; <g> 1, fi 2 ] , 

(4.5) S„(a:) = -s , S„(J(x)) = -J(x) + J , 

(4.6) £„(z) = £„(J(x)) = , e„(l) = 1 , 

where f2 2 i s t ne Casimir two-tensor (f2 2 = ^2 I a (g> I a ), \ is the eigenvalue of the 

a 

Casimir operator C 2 = "^2 lala in the adjoint representation of in q. 

a 

We may specialize the formal parameter 77 to any complex number v G C, 
however, the resulting Hopf algebra Y v (q) (over C) is essentially independent of v, 
provided that v 7^ 0. It means that any two Hopf algebras Y v (g) and Y u >(g) with 
v 7^ v 1 ; v, v 1 7^ are isomorphic. Thus, we can as well take v — 1 and therefore the 
parameter rj is usually dropped. However, for convenience of passage to the limit 
r\ — » we shall remain the formal parameter 77. 

2). The second Drinfeld realization of Yangians. Let A = (aij)\j =1 be a 
standard Cartan matrix of g, n := . . . , a{\ be a system of simple roots (/ is 
rank of 9), and let Bij := |(o!j, ctj). 

Theorem 4.2. [3] T/ie Yangian i^(fl) is isomorphic to the associative algebra 
over C[[r}\] with the generators: 

(4-7) > C ¥>i„ fOT i=l,2,...,l; n = 0,1,2,..., 



2 In the case g = sfeCC) there is a more complicated relation instead 14.21 (see 121V 
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and the following defining relations: 



(4-8) [ip in , ip jm ] = , 

(4-9) [<Pw,&] = ± 2B ntfn > 

(4-10) [ttn'Cim] = S ij<Pjn+m, 

(4-11) [<Pin+utfm\-['Pin>ttm+l] = ±r l B V fai r&fm + tfm 'Pin) , 

(4-12) Kin+l £jm\ ~ Kin> (jm+ll = ^ Bi 3 fen^jro ^jro^in) ' 



(4.13) Sym [£= [. . . [£± £±J . . .]]] = for i + j, k = 1 - A %3 . 

n 1 ,n 2 ,...,n k 

Explicit formulas for the action of the comultiplication on the generates 
£in> 'Pin are ra t ner cumbersome (see [5]) and they are not given here. 

For the Yangian Y n (sl(n,C))) Drinfcld has also given a third realization. It is 
presented in terms of RLL- relations (see details in |3l HH I10|L 

All these realizations of Yangians are not minimal, i.e. they are not given in 
terms of a Chevalley basis. However, the minimal realization exists and we present 
it here using connection of Yangians with quantum non-twisted affine algebras. 

5. Quantum algebra U q (g[u]) 

Again, let g be a finite-dimensional complex simple Lie algebra of rank I with 
the standard Cartan matrix A = with the system of simple roots IT := 

{ai, . . . , a/}, and with the Chevalley basis h ail e'± a . (i = 1,2,..., I). Let 6 be 
the maximal positive root of g. The corresponding non- twisted affine algebra g 
is generated by g and the additional affine elements e!±rg_g\ and hg-g. It is well 

known |5j that g ~ g[u, it -1 ]. 

Let g[u] be a Lie algebra generated by g, the positive root vector e' s _ g — ue'_ g 
and the Cartan element hg^g, i.e. g[u] ~ g[u] © Chg, where h$ is a central element. 
The standard defining relations of g[u] and its universal enveloping algebra E/(g[it]) 
are given by the formulas: 



5.1) [h s , everything] = , 

5-2) [h ai ,h a .] = 0, 

5-3) [h ai ,e' ±otj ] = ±(ai,a>j)e± a . , 

5-4) [e'a 4 >el a J = S tJ h ai , 

5.5) (ad e'± a e' ±a . = for i ^ j, :=l-a tf , 

5-6) [Ki> e 's-e\ = -(ai,0)e'g-e, 

5-7) [e'- ai ,e'g_ e ] = 0, 

5.8) (ade' ai ) n ^e' s _ g = for n i0 = l+2(a<, 0)/(oi, on), 

5.9) [[ea 4 > e «-e]> e «-e] = forg^sb and (ai,0)^O, 



(5.10) [[[e^e'^Jjej.Jje^J = for g = sl 2 ■ 
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Here " ad" is the adjoint action of g[u] in g[u], i.e. (a,dx)y = [x,y] for x, y g g[it]. 
The relations l|5.9|l relate to the case ^ fife, and the relation l|5.10|l belongs to the 
case g = sfe (in this case = a). 

The defining relations of the quantum algebra U q (g[u]), which is a (/-defor- 
mation of £/(g[u]), can be obtained from the defining relations of the quantum 
algebra U q (g) by removing the relations with the negative affine root vector e-s+e- 
If fc^ 1 :— q ±hs , fc^. 1 := q ±h "i , e± ai (i — 1,2,..., I), and e-t(^_e) is the Chevalley 

basis of U q (o) then the standard defining relations of t/g(g[u]) are given by the 
formulas: 



(5.11) 


[fc^ 1 , everything] 




o, 


(5.12) 








(5.13) 






k ai k a l = k a ]k ai = 1 , 


(5.14) 








(5.15) 








[ e a«> e -aJ 




_1 1 


(5.16) 


(ad 9 e ±a .) n «e ±ct . 




for i ^ j, riij :=l-ay , 


(5.17) 


k ai e s-ek a } 






(5.18) 






o, 


(5.19) 


(*d q e ai ) n *°e s _ e 




for mo = l+2(ai,0)/(o!i,Q!t 


(5.20) 


[ e ai i e 5-o\qi e 8~e\q 




for g^s[ 2 and (afi,0)^O 


(5.21) [[[e a ,e 5 _ 


-cj«) e S-a]q> e 8-a]q 




for g — sl 2 , 


where (ad 9 e j a)e 7 


is the g-commutator: 




(5.22) 


(ad g e /3 )e 7 := 




1 03,7) 


The comultiplication A 9 , the antipode S q , and the counite e q of U q (Q[u 

by 




A^ 1 ) = 




<g> /c* 1 (7 = 8, a,) , 


(5.23) 


A,(e_ Qi ) = 
A 9 (e Q J = 


e«, 


( (g) fc ai + 1 ® e_ Qi , 
g) 1 + A:" 1 <g> e a . , 




A 9 (e 5 _ e ) = 


e 5-( 


, (» 1 + ^ ® e 5 _ e , 



S^ 1 ) = fcf (7 = 5, ai ) 
(5.24) \ ~_ e - aiK > ' 

S q (e 5 _ e ) = —k s _ g e s _ g , 
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(5.25) e q (e± ai ) = e q (e s ^ g ) = , e^kf 1 ) = e q (k^) = 1. 
We set 

(5-26) h-e=hK? l KT---K? 1 

if 9 = n 1 a 1 + n 2 a 2 + • • • + 

It is easy to check that the following proposition is valid. 

PROPOSITION 5.1. There is a one-parameter group of Hopf algebra automor- 
phisms 1 a of U q (g[u\), a € C, given by 

(5.27) 1 a (fc 7 ) = fc 7 , T Q (e ±Ql ) = e ±Ql , 1 a {e s _ g ) = ae s _ g . 

Now starting from the quantum algebra ?7q(f|[u]) we construct the two-param- 
eter Hopf algebra which coincides with the Yangian Y v (g) at q = 1. 

6. Drinfeldian D qv {g) 

The quantum algebra £/q(fl[it]) does not contain any singular elements when q 
goes to 1 (q = exp(h)). This means that lim x 6 C/(g[u]) for any x £ U„(g[u]). Now 

qr-»l 

we extend [/q(jj[u]) by singular elements, i.e. we consider the algebra 
(6.1) := U q (gM) ® C[ra] C((ft)) . 

This algebra contains singular elements, i.e. elements which have not any limit when 
q —>-l. For example, if x € U q {q[u]) and lim x ^ then the element x/(q — q^ 1 ) is 

singular. 

Let e_ e G C/ g (g[w]) be any element of the weight —8, i.e. 

(6-2) K^-eKl = q- (a " e) e_ e , 

and, moreover, 

(6.3) lim e_ g = e'_ g , 

where e'_ g is a root vector of q with the minimal weight —6. Let us introduce the 
new affine generator 

(6-4) £5-0 = e s _ + _ 1 e_ e . 

Then the defining relations (|5.17(l - (|5.21|l take the form 

(6-5) K&-eKl = q- {ai ' 6 k S -e , 

(6-6) [e_ ai .C«-e] = T [e_ Qi , e_ e ] , 

(6-7) (ad,e a< )»«>fc_ fl = r ( adg e Qi )"-e_ e 

for n i0 = 1 + 2(ai, 6) /{on, on) , and 

+ r ([[ea,:e„ e ] 9 ,C5-e] g + [[e Q . , e_ e ] g ) 
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for g sl 2 and (an,0) ^ 0, 

[[[ e aJ £<5-cJ«> = T ([[[ e ai &-a}qi £s-a\qy ^S-alq 

+ i[[ e on £s- a ]q> ^-ajgi £<5-aJ<? + [[[ e a' £(5-cJ«> ^5-a\l' ^-a}q 

(6.9) / _ - 



'/ 



for g — st 2 . Here and elsewhere r := ?//(? — g -1 )- 

The formulas 1(5.23(1 for the co-multiplication A qv and the antipode S qrj are 
rewritten as follows 

(6.10) A m {x) = A, (a?) (a: G ® Ck s ), 



(6.11) 



+ T(A g (e_ e ) - e_ 9 <g> 1 - fc^! 9 » e_ j , 

(6.12) S ? „(z) = S q (x) {x G E/,( fl ) ® Ck s ), 

(6.13) Sqr,(ts-e) = -ks-ets-e + T (Sq(e~e) + k s-ee-e)- 
The following theorem is valid. 

Theorem 6.1. If the element e^g G t/g(fl[u]) satisfies the conditions Ift.ty and 
i)6'. 3) iAen i/ie right-hand sides of the relations f6'.6() - f6'. ^)) and (6'. iil) . i)6'. J 51) are 
nonsingular at q = 1. 

Thus, the associative algebra D qr/ (g) over C[[S, 77]] generated by the quantum 
algebra L/q(g), the central element A;^ 1 and by the afHne element £ 5 _ e with the 

relations 1(6. 5(1 - 1(6. 9() . where e_g G C/ g (g[u]) satisfies the conditions l|6. 2|l and 1)6.3(1 . 
and with the Hopf structure given by the formulas H6.10fl - i|6.13fl is nonsingular at 
q=l. 

Theorem 6.2. (i) The Hopf algebra D qn (g) is a two-parameter quantization of 
U(g[u]), (g[u\ := g[u] © h$), in the direction of a classical r-matrix which is a sum 
of the simplest rational and trigonometric r -matrices. 

(ii) The Hopf algebra D q= i, ri (g) := D qv (g)/hD qri (g) is isomorphic to the Yangian 
Y v (g) (with the additional central element h$). Moreover, D qr)= o(g) = U q (g[u\). 

By virtue of this theorem, the Hopf algebra D qrj (g) can be called as the rational- 
trigonometric quantum algebra or the q- deformed Yangian. We also call this algebra 
as the Drinfeldian (in honor of V.G. Drinfeld, who first observed existence of such 
subalgebra in the extension (|6.1|1 of the g-deformed affine algebra U q (g) @]). 

Remark 6.3. Since the defining relations for D qri (g) and U(g[u]) in terms of 
the Chevalley basis differ only in the right-hand sides of the relations ((6.6(1 - ((6.9(1 and 
((5. 18(1 - 1(5. 21(1 . therefore the Dynkin diagram of g[u] can be also used for classification 
of the Drinfeldian D qv (g) and the Yangian Y v (g). 

As an immediate consequence of Proposition 15 . II we have the following result. 
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Proposition 6.4. There is a one-parameter group of Hopf algebra automor- 
phisms T a of D qv {g), a £ C, given by 

% a (x) = x {x E U q {g)®k & ) , 

(6-14) / \ 

^afe-e) = I 1 -(9-9 ) a )^s-e + Vae_ e . 



The relations between the Drinfeldian D qv (g) and the algebras f7 g (g[tt]), Y n (g), 
U(g[u]) (and also their subalgebras) are shown in the picture: 



U q (q) C D qri (g) 



U q (g[u]) ^ U g (g) 



U(g) c Y n (g) 



U(g[u}) d U(g) 



Fig. 1. Diagram of the limit Hopf algebras of the Drinfeldian D qrJ (g,) 
and their subalgebras. The arrows show passages to the limits. 

7. Drinfeldians and Yangians for Lie algebras A l _ 1 (I > 3) 

An explicit description of the Drinfeldian D, lq (g) and Yangian Y„(g) for the 
simple Lie algebra g = A x ~ s[2 := sl(2, C) was given in [121113) and, therefore, we 
consider here the case g = A l _ 11 where I > 3. 

We first recall the defining relations of the q-deformed universal enveloping 
algebra U q (sli) (s[ ; := sl(l, C) ~ A t l ) and structure of its Cartan-Weyl basis. 

Let LT := {a l7 . . . , a t _ x } be a system of simple roots of s[ z endowed with 
the following scalar product: (a^otj) = (a^aj, (a^aA — 2, (a i; Q; l+1 ) = -1, 
(a i7 atj) = (\i — j\ > 1). The corresponding Dynkin diagram is presented on the 
picture: 



O O ■ • ■ o O 

a l a 2 a l-2 a l-l 

Fig. 2. The Dynkin diagram of the Lie algebra s[ ; . 

Usually, it is convenient to realize a positive root system A + (with respect to IT) and 
a total root system A = A + 1J(— A + ) of the classical Lie algebras A l _ 1 , B l7 C l and 
D l in terms of an orthonormalized basis of a Z-dimensional Euclidian space. Namely, 
let Cj (i = 1, 2, . . . , I) be an orthonormalized basis of a Z-dimensional Euclidian space 
K. : = <5jj- In the terms of e i the systems LI, A + and A of sl t are presented 

as follows: 

(7.1) n = { ai = £i -e i+1 \i= 1,2,..., I - 1}, 

(7.2) A + = {e i -e j \l<i<j<l}, 

(7.3) A = A + U(-A+) = i : .,: ,., 1.2 /}. 

The root 9 := a 1 + a 2 + ■ ■ ■ + a l = e 1 — e l is maximal. We shall use instead of the 
simple Lie algebra sl z its central extension g[ ; . 
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The quantum algebra U q (gli) is generated by the Chevalley elements e, := 
e 6i _ £4+l , e i+1 _ 4 := e Ci+1 _ e . (i = 1, 2, . . . , Z- 1), and gr ±e *.-* (i = 1, 2, . . . , Z) with the 
defining relations 3 : 



r , „ q H-i-H+l,-i-l 

|e„- e,-^! _„• 1 = 0« J — r±T 

(7.4) 





= <r 


*.-«g*.-< = 1 , 


(/' (/' 


= q C] 




g e< --*e ii _ fc g- e *-- < 


= g* 


^'"^"e^-fc (b'- fc l = : 


[ e i,— i— 1 5 e j+l,-j] 


= Sij 


q e i,-i _e i + l,-i-l _g e i+l,- 




[ e i,— i-l> e j,-j-l\ 


= 


for |i-i| > 2 , 


[ e i+l,-ii e j + l,-j] 


= 


for |i - j\ > 2 , 


; i,-i-l> e j,-j-l]g> e j,-j-l]<? 


= 


for = 1 , 


i+l,-i> e i+i,-j]g' e i+i,-j]g 


= 


for \i-j\ = 1 . 



The Hopf structure on U q (gli) is given by the following formulas for a comultipli- 
cation A q , an antipode S q , and a counit e q : 





A q (q±^- 


-*) 




(7.5) 




-i) 






A «( e ,:+l,- 


-i) 


= ® + 1 ® e . +lj _. 




^(9 ±e " 


-) 


= , 


(7.6) 




-i) 


= -g«'.-i- e '+i.-*-i e,^ , 




Sq( e i+i, 


-i) 


= -e i+li _ i9 Ci + 1 --'-'- ei .- i , 


(7.7) 


e q (q ±e - 




= 1, ^(e,_,) = (\i-j\ = l). 



For construction of the composite root vectors e i _ ■ for | i — j > 2 we fix the 
following normal ordering of the positive root system A + (see [111 Rfl 17]) 

( e l — e 2' £ l — £ 3' ■ ■ ■ J £ 1 — £ i)' ( £ 2 — e 3' £ 2 — £ 4' ■ ' • ' e 2 — e i)' • ■ ■ 1 

V e i-3 e ;-2' e ;-3 e i-i' e ;-3 £ i)'\ e i-2 e ;-i' e ;-2 e i)> e i-i € i ■ 
According to this ordering we set 

where l<i<k<j<l. It should be stressed that the structure of the composite 
root vectors is independent of choice of the index k in the r.h.s. of the definition 
(17.91) . In particular, we have 

e i,—j := [ e i,-i-l' e i+l,-j\cr 1 = [ e i,-7 + li e j-i, — i\q~ 1 ' 

(7.10) 

e j,-i := [ e j,-i-lJ e i+l,-i ]<? = [ e j,-3+l> e j-l,-i\n 

where 2 < i + 1 < j < I. General properties of the Cartan-Weyl basis {e i •} can 
be found in [7J. 



^If g^*- 1 e ».-» = 1 then we obtain the quantum algebra f/ g (s[ ; ). 
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As it was noted above the Dynkin diagrams of the non-twisted affine algebras 
can be also used for classification of the Drinfeldians and the Yangians. In the case 
of stj (fjl/), the Dynkin diagram of the corresponding affine Lie algebra A^]} 1 ~ sl t 
(at,) is presented by the picture [51: 

5-9 




Fig. 3. The Dynkin diagram of the affine Lie algebra sk. 



The defining relations for the generators of D qrj (Q) presented in the previous 
section depend explicitly on the choice of the element e_# G U q (g) of the weight 
—9, such that lim e-g — e'_ g G g. Here we present specification to the case g = g[ ; 

and we set 

(7.11) e-g = q ei -- 1+ei <-'ei,-i . 

After some calculations we obtain the following result. 

Theorem 7.1. The Drinfeldian D qri (gli) (I > 3) is generated (as a unital 
associative algebra over C[[logg, rj\]) by the algebra t/ g (gl;) and the elements £g_g, 



q^ := 


q±h s yjith i\i e relations: 








(7.12) 


[q ±c , everything] 


= o , 






(7.13) 




= q T H S - e q ±ex ' 


-1 

1 




(7.14) 


q ±ei -*Zs-o 


= Zs-gq ±e ^ 


for i 


= 2,3,.. 


(7.15) 


±e, i p 


= q^s-eq^ 


-i 




(7.16) 


[£s-ei e t+i,-i] 


= for i — 


1,2,. 


..,1-1, 


(7.17) 




= for i = 


2,3,. 


..,1-2, 


(7.18) 


[ e l , — 2 j [ e l , — 2 ' £(5-0]g]g 


= o , 






(7.19) 


e l-l,-l\qi e l-l,-l\q 


= o , 







[[ei,- 2 .^_fl] 9 .C4-fl]fl = »? g ei - 1+e '-' x 

(7-20) / _ 2 \ 

X (9 [ e l,-2; e i,_l]^5_e — e i,-l[ e l,-2i J 1 

[Kff-fl. fe-fl. e,_i,_i]«] a - V q e i-i +e >,-> + 1 X 

(7-21) / \ 

The Hopf structure of D qv (Ql l ) is defined by the formulas \'J. 5| )- f7!*7| ) /or U q {Qi l ) 
(i.e. A qn (x) = A q (x), S qv (x) = S q (x) for (x G UqiglJ), and A g (q^) = q ±e (8> q ±£ , 
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S q (q :izc ) = q^ c . The comultiplication and the antipode of £g_g are given by 



(7.22) 



1 



tC + e 



l,-l 



q i c ® e l _ 1 q ei - 1 



(7.23) 



+^2e l _ i q e '-~' (g>e i _ 1 q e '--^(q ei - 1 ® q^-- 1 

i=2 

+ V ( [\c + eii _! + + l] g |e-e I ,- 1 +e i ,- i -l^_ i 

fc=l i— X>if l >...>i\>2 



where we use the notation [x] := (q x — q x )/(q — q 1 ). 

It is not difficult to check that the substitution £ s _ g = q ei '^ 1+ei '- l e l _ x satisfies 
the relations (|7.12|I - H7.21|I . i.e. there is a simple homomorphism D qv (gli) — > J7 9 (g[;). 
Moreover, the both sides of the relations (|7.20() and l|7.21|) are equal to zero indepen- 
dently. Therefore, we can construct a "evaluation representation" p ev of D qri (gl l ) 
in C7 g (g[;) <S> C[u] as follows 

Pe^Cg 8 ) = 1, Pev(Z S -g) = uq ei >- 1+e '-'e l , 

p™(<? ±e '--*) = g ±es --, Pev{e it -j) = %-i (|i-j'| = l). 
It is obvious that 
(7.25) £»«^=o(fly^ WiM) 

as Hopf algebras. If q — >1 then the limit Hopf algebra D q= i v (Ql l ) is isomorphic to 
the Yangian 5^(fl[j) with c^O) fTS] : 

(7-26) A^itM) - W) • 

By setting q = 1 in 1|7.12|) - (|7.23[) . we obtain the defining relations of the Yangian 
Y v (gli) and its Hopf structure in the Chevalley basis. This result can be formulated 
as the theorem. 

Theorem 7.2. The Yangian Y n (gli) (I > 3) is generated (as a united associative 
algebra over C[r)\) by the algebra U(gli) and the elements S,g_ s , c with the relations: 



(7.27) 


[c, everything] 


= o , 








(7.28) 












(7.29) 




= £5-0 j 








(7.30) 


[ e i,-i) Cs-e] 


= for i 


= 2,3,. 


.,1- 


1, 


(7.31) 


K<5-0i e i+l,-i\ 


= for i 


= 1,2,. 


.,1- 


1, 


(7.32) 


[ e i-i-li £s-6\ 


= for i 


= 2,3,. 




2, 


(7.33) 


[ei -2, [ei -2, €s-e\] 


= o, 








(7.34) 


[[€s-e> e i-i,-i\> e i-i-i\ 


= o, 
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(7.35) [[e x _ 2 , &-e], &-e] = ni^fii -2. e i ,-1] €s-e ~ e i ,-1 [ e i ,-a> 

(7-36) [&_ e , e ; _ x _;]] = r?([e ; _ x , e ; _ x _ ; ] - e ; _ x [&_«,, e z _ 1; _JJ . 

The Hopf structure of the Yangian is trivial for [/(glj)©Cc C Y 7 ,(qIi) (i.e. A„(x) = 
a; <8> 1 + 1 ® x, S v (x) = —x for x £ g[; © CcJ and it is not trivial for the element 

1 

(7.37) A v (^_ e ) = e tf _ 9 ®l + l®^_ fl + »;(5g<8)e Ii _ 1 +^. 

(7.38) S„(&_ 9 ) = -^+^(1^^+^, 



'L-i c i,-l 



8. Drinfeldians and Yangians for Lie algebras B l (I > 3) 

The Dynkin diagram of the simple Lie algebra Bi ~ so 2;+1 is presented on the 
picture: 



o o ■ • ■ o _) o 

a l a 2 a l-l a l 

Fig. 4. The Dynkin diagram of the Lie algebra so 2l i 1 - 

In the terms of the orthonormalized basis e i (i — 1,2, ... ,1) the root systems 
II, A + and A of so 2 ;_|_i are given as follows: 

(8.1) II = {a 1 =e 1 -e 2 ,a 2 =e 2 -e 3 ,...,a l _ 1 =e l _ 1 -e l ,a l =e l }, 

(8.2) A+= {e i ±e j ,e k \l<i<3<l;k = 1,2,. ..,1}, 

(8.3) A = A+U(-A+) = {±e i ±e j ,±e k \i=£j;i,j,k = l,2,...,l}. 

The root 9 :— a 1 + 2a 2 + • • • + 2a t = e l + e 2 is maximal. 

The quantum algebra £/ 9 (so 2;+1 ) is generated by the Chevalley [/ g (<?/ ; )-elements 
e ^-e t+1 > e i+i,-i : = e e 1+1 - e , (i = 1.2,..., i - 1), q ±Cl -- (i = 1,2,..., I) 
with the relations (|7.4(l . and the additional elements e ± ; :~ &±^ i with the relations: 

g e ---e ±i g- e — = q ±S ^ l e ±l , 



e„ e 



9 



(8.4) 



[%-v e A = for J N -il = 1 » 

[e; _j, e_ ; ] = for i ^ I, \i - j\ = 1 , 

[[[ e z-i,-/' e ;]q' e /]<;' e ;]g = , 

[ e Z,-i+l' e -/] 9 ' e -'] 9 ; e -l\q = ■ 
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The Hopf structure on U q (so 2l+1 ) is given by the formulas l|7.5|l - l|7.7|l and also 

AJe.) = e, <g> 1 + g~ e '.-< ® e, , 

(8.5) 

A g (e_ ; ) = e_;®<f<--< +\®e_ l , 

(8.6) S,(e,) = -« e '.-'e„ S g (e_,) = -e_, ?-«».-•, 

(8.7) e 9 (e±,) = 0. 

For construction of the composite root vectors ej_j j| > 1), e^-, e~j,-i (i < j), 
and e±i (1 < i < I — 1) we fix the following normal ordering of the positive root 
system: A + 

Oi - e 2, e i - e 3> ■ ■ ■ > e i - e i> e i = e i +£;,•••,£! + e 3! e x + e 2 ), (e 2 - e 3 , 

(8.8) e 2 - e 4 , . . . , e 2 - e z , e 2 , e 2 + e ; , . . . , e 2 + e 4 , e 2 + e 3 ), . . . , {e l _ 2 - e l _ 1 , 

e i-2 ~ e i' e /-2' e ;-2 + e /' e ;-2 + e /-i)' ( e ;-i — e ;> e ;-i' e ;-i + e /)' e z- 
According to this ordering we set 

(8.9) e i,-j : ~ \ e i,-i-li e i+l,~j]q- 1 7 e j.-i : ~ L e j, — i — 1 > e i+l,-i\q 

for 2 < i + 1 < j < I, 

(8-10) e, := [e it _i, e z ] g -i, e_, ( := [e_„ e, _J g 

for 1 < i < 

(8-11) e, v := fo, e z ] g -i, e_ J) _ i := [e_,, e_J g 

for 1 < i < I, 

(8.12) e it j :— [e i)3 - +1 , e^^Jq-i > e -j,-i : ~ [ e j+x,-ji e -j-x,-Aq 

for 1 < i < j < L 

The extended Dynkin diagram of (or the Dynkin diagram of the correspond- 
ing affine Lie algebra so 2 ; +1 ) is presented by the picture: 

o s-e 



o • • • ci :^o 

Q l a 2 a 3 Q i-1 a l 

Fig. 5. The Dynkin diagram of the Lie algebra sb 2 i+i- 

Specializing the general formulas Htj.5fl - I|tj.8fl to the case q — so 2i+1 with the 
vector 

(8.13) e_ e = q^.-iW-'e-a,-! , 

after some calculations we obtain the following result. 
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Theorem 8.1. The Drinfeldian D qri {so 2l+1 ) (I > 3) is generated (as a unital 
associative algebra over C[[logg, rj]]) by the algebra U q (so 2l+1 ) and the elements 
£,$_g, q ±c '■— q ±hs with the relations: 



(8.14) [q ±£ , everything] = , 

(8.15) q ±ei '-^ S -e = f ¥l t 6 -o<i ket '- t for i = 1,2, 

(8.16) q ±ei --^ 5 -e = is-e^'-* for i = 3,4, . . . ,Z, 



[e 2 i, £s-e\ 



.17) 



i 



-l+ e 2 



-2 X 



E(-i) fe 9 

fc=3 



k„k-3. 



'-fe,-l°fe,-l 



(-1)' 



3 l,-2> €s-6 



m 



2e, 



(8.18) 



E(-i)V 



fc=3 



9+1 ' 



-2 ' 



(8-19) [e 3) _ 2! Zs-e] = , 

(8.20) [e 2> _ 3 , [e 2i _ 3 , = , 

(8.21) [[e 2j _ 3 , £ 5 _ e ] 9 = , 

(8-22) [ei,-j, Zs-e] = (3 < i,j <l, \i - j\ = 1), 

(8-23) [e ±l , Zs-e] = . 

Since the explicit formulas of A 9 ^(^ (5 _ e ) and SqriiZs-e) f° r ^ ne cases Bi, Ci and 
Di are cumbersome they are not written here. Analogous formulas are also not 
given for the corresponding Yangians. 

By setting q = 1 in H8.14[) - l|8.23[) . we obtain the defining relations of the Yangian 
Y v (so 2l+1 ) in the Chevalley basis. This result is formulated as the theorem. 

Theorem 8.2. The Yangian Y^(bo 2 ; +1 ) (I > 3j is generated (as a unital asso- 
ciative algebra over C[r)]) by the algebra U(s0 2l+1 ) and the elements £,s-6' & with 
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the relations: 



(8.24) [c, everything] = , 

(8.25) K-i^s-e] = ts-e for i = 1,2, 

(8.26) h-ds-e] = for i = 3,4,...,J, 

i 

(8.27) [e 2t -i,^-e] = V^-^^-i^-i + ^f 1 e -i) . 

fc=3 
i 

(8.28) [e lf _ 2> fc_ fl ] = ?/(]T(-l)V fc! _ 2e ^ 2 + i4p e 2 _ 2 ), 

fe=3 

(8.29) [e 3i _ 2) £ s _ g ] = , 

(8.30) [e 2) _ 3 , [e 2! _ 3 , = , 

(8.31) [[e 2) _ 3 , e a _ fl ], e a _ fl ] = , 

(8.32) [%-j,U-e\ = (3<i,j<i, |<-j| = l), 
(8-33) [e ±I> f,_ fl ] - . 



9. Drinfeldians and Yangians for Lie algebras C; (/ > 2) 

The Dynkin diagram of the simple Lie algebra C; ~ sp 2; := sp(2/,C) is pre- 
sented on the picture: 



ZD 



Fig. 6. The Dynkin diagram of the Lie algebra sp 2; - 

In the terms of the orthonormalized basis e i (i — 1, 2, . . . , I) the root systems 
II, A + and A of sp 2[ are presented as follows: 

(9.1) n = {a 1 =e 1 -e 2 ,a 2 =e 2 -e 3 ,...,a l _ 1 =e l _ 1 -e l ,a l =2e l }, 

(9.2) A+ = {ej ±e j ,2e k \l<i<j<l;k=l,2,..., I}, 

(9.3) A = A+U(-A+) = {±e i ±e j , ±2e k \i ^ j; i,j,k = 1,2, ... ,1}. 

The root 9 := 2a 1 + . . . + 2a l _ 1 + a l — 2e 1 is maximal. 

The quantum algebra U q (sp 2l ) is generated by the Chevalley U q (gl ^-elements 

■= e ei - ei+1 : : = e u +1 -^ (« = 1, 2, 1), q ±e '.-> (i = 1, 2, . . . , I) 

satisfying the relations l|7.4|l and the additional elements e l ; := e 2e , e_ ; := e_ 2c 
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with the relations: 



-2e; 



l e i,ii e -i,-i\ — 

(9.4) [%-p e i,i\ = for JV, \i-j\ = h 

[e i _ j ,e_^_ l } =0 for i^l, \i-j\ = l, 

[[ e i— x, — i ' e i,i)q> e i,m = I 
[[ e (,-M-l> e -i,-i]g> e -*,-*]g = i 

l e i-i,-n [ e i-i,-c [ e i-i-n e i,l\q\q\q = 0, 

[ e ;,-i+i' I e 2,-i+i' [ e 2,-;+i' e — z,— J9]9]<? = 0- 
The Hopf structure on U q (sp 2l ) is given by the formulas H7.5fl - I|7.7|) and also 

(9.6) 

A 9 (e_ ( _ ; ) = e^.^g 2 ^.-' +l(8>e_, ; _;, 
(9.7) S,(e,,) = -<7 2e '--'e M , S g (e_, ,) = -e , , <T 2e <.-<, 



(9.5) 



(9.8) £ 9 (e ±i , ±i ) = 0. 

For construction of the composite root vectors (\i — j\ > 1), e ij; e_j _< 

(i < j) we fix the following normal ordering of the positive root system A + : 

( e l - e 2, e l~ ^ ■ • • > ^1-^1,^1^1+ e l+ e 3 , e i + e 2), ( e 2- e 3> 

(9.9) e 2 - e 4 . . . , e 2 - e z , 2e 2 , e 2 + e z , . . . , e 2 + e 3 ), . . . , (e ; _ 2 - e ; _ l5 e,_ 2 - e ; , 

2e i-2> e i-2+ £n e i-2+ e i-i)> ( e i-i - e ;> 2e i-i> e 2-i + e i)> 2e z- 
According to this ordering we set 

(9.10) e i,-j := i e i,-i~li e i+l-j\q~ 1 ' e .j\-i := [ e j,— t— lJ e i+l,-i]« 

for 2 < i + 1 <j<l, 

(9-11) e M := e M ] g -i, e_ i) _ J := [e_ ; e ; _J 9 

for 1 < i < I, 

(9- 12 ) e M := _ h e ifl ] q -x, e_ i _ < := [e_ ; _ i; e ; _J g 

for 1 < i < I, 

(9.13) := [e 4 e^^-J^-i , e -j,-i : ~ L e j+i,-i> e -j-i,-iJg 

for 1 < i < j < I. 

The extended Dynkin diagram of C l (or the Dynkin diagram of the correspond- 
ing afhne Lie algebra sp 2 i) is presented by the picture: 

C I o ■ • • o ( _o 

5 — 6 aj a 2 a i—i a i 

Fig. 7. The Dynkin diagram of the Lie algebra sp 2 i ■ 
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Specializing the general formulas and l|6.5JI l|6.8|l to the case g = sp 2l with the 
element 



(9.14) e_ e = g-« s we_i,_ 1 , 

after some calculations we obtain the following result. 

Theorem 9.1. The Drinfeldian D qtl (sp 2l ) (I > 2) is generated (< 



as a uni 



ital 



associative algebra over C[[logg, rf\] ) by the algebra U q (sp 2 [) and the elements 



q ±£ := 

(9.15) 

(9.16) 

(9.17) 

(9.18) 

(9.19) 

(9.20) 

(9.21) 

(9.22) 

(9.23) 



q±h s yjtffo ^ e re l a ti ons: 



q , everything] = 



h,-2> [ e l,-2: [ e l,— 2) £<5-0]g]g]<7 
[[ e l,-2: £s-e]q> £s~e]q 



&-9 (1 = 2,3,...,!), 

, 
, 
, 

(2<i,j<l, |*-j| = l), 



= v[2]q 



-L-l > 



2(ei,-i+e ! ,_ ! )-3 2 



L-l- 



By setting q = 1 in i|9.15[) - l|9.23[) . we obtain the defining relations of the Yangian 
Y r) (sp 2l ) in the Chevalley basis. This result can be formulated as the theorem. 

Theorem 9.2. The Yangian Y ri (sp 2 i) fl > 2J is generated (as a unital asso- 
ciative algebra over C[rj\) by the algebra U(sp 2l ) and the elements £$_g, c with the 
relations: 



(9.24) 
(9.25) 
(9.26) 
(9.27) 
(9.28) 
(9.29) 
(9.30) 
(9.31) 
(9.32) 



[c, everything 
[ e i,-i> €s-8 

[ e 2,-i> £s-e 
°l,-2; [ e l,-2i [ e l,-2> £5-0]] 
[[ e l,-2 ; C(5-6»] ; £s-6 
i e i,-j> €s-8 

[en, £s-e 



. 

-2&- fl , 

(i = 2,3,...,Z) , 
, 
, 
, 

(2<i,j<l, \i-j\ = l), 



2 Vet 



10. Drinfeldians and Yangians for Lie algebras Di (I > 4) 



The Dynkin diagram of the simple Lie algebra Di ~ so 2l (I > 4) is presented 
on the picture: 
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O a, 



o o ■ • ■ o o 

a l a 2 a l-2 a l-l 

Fig. 8. The Dynkin diagram of the Lie algebra so 2i - 

In the terms of the orthonormalized basis t i [i ~ 1,2,...,/) the root systems 
IT, A + and A of so 2Z are presented as follows: 

(10.1) IT = {a 1 =e 1 -e 2 ,...,e l _ 2 -e l _ 1 ,a l _ 1 =e l _ 1 -e l ,a l =e l _ 1 +e l }, 

(10.2) A + = {e i ±e j \l<i <j < I}, 

(10.3) A = {±e i ±e j \i^j;i,j = l,2,...,l}. 

The root 9 := a 1 + 2a 2 + • • • + 2a ; _ 2 + a l _ 1 + a l = e 1 + e 2 is maximal. 

The quantum algebra U q {so 2l ) is generated by the Chevalley J7 g (gl;)-elements 
e i _ i _ 1 :— e e ._ e . +1 , :— e e;+1 _ ei (i = 1, 2, . . . , I — 1) with the relations (|7.4|) 

and the additional elements e l _ 1 1 :— e e _ i + e , e_ ; := e_ F . with the rela- 
tions: 

n e i,-ip n -e-i,-i — n Si,i-i+$i,i P 



(10.4) 



= {J^l-l, \i~j\ = l), 
[ei,-j,e_ lt _ l+1 ] = (i i= l-l, \i - j\ = 1), 



[ e l-2,-l+V e l-l,l\q> e l~l,l]q — 



(10.5) 



[[ e /-l,-i+2' E -l,-l+l\q-< E -l,-l + l\q ~ , 

I e ;-2,-;+i' I e ;-2,-;+i' e i-i-l\q\q = , 
[e z _! _ /+2 , [e / _ 1: _ /+2 , e_; + i_ ; ]J 9 = . 

The Hopf structure on £/ g (so 2Z ) is given by the formulas (|7.5|) ~ (|7.7[1 and also 



(10.6) 



(10.7) 



e 



A,(e_, J+1 ) - e_, J+1 ®g e; - 1 -'+ 1 e, --< + 1 ® e 



-i,-i+n 



Q (e \ — — n e i-i,-i + i~i~ e i.-i p 

°q\ e i-i,i) — 1 
-l+ij 



(10-8) e q ( ei _ u ) = e,(e J+li _,) = . 

For construction of the composite root vectors e i (\i — j\ > 1), e 4 ., e • _■ 
[i < j, i ^ / — 1) we fix the following normal ordering of the positive root system 
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fcl ~ £ 2: £l ~ ^3: ■ ■ ■ > £ 1 ^ £ 1 + £ 2» • • • 1 E l + £ 3> £ 1 + £ 2), 

(10.9) (e 2 - e 3 , e 2 - e 4 . . . , e 2 - e ; , e 2 + e„ . . . , e 2 + e 4 , e 2 + e 3 ), . . . , 

( e i-2 ~ e ;-i^ e ;-2 ~ e i> e z-2 + e i-2 + e z-i), ( e i-i - e i> e i-i + e i) ■ 
According to this ordering we set 

(10.10) e i,~j : ~ [ e i,-i-D e i+l,-j]q- 1 1 e j,-i : ~ [ e j,-i-li e i+l,-i]<? 

for 1 < i+1 < j < I, 

(10.11) e M := [e^.j+i, e ; _ u ] 9 -i, e_ ; _ i := [e_; _ m , e;_ x ^J, 
for 1 < i < 2-2, 

(10.12) := [e ij+1 , e^^jg-i, e -j,-i : ~ [ e j+i.-ji e -j-i,-i)q 

for 1 < i < j < i-2. 

The extended Dynkin diagram of D l (or the Dynkin diagram of the correspond- 
ing affine Lie algebra io 2i (I > 4)) is presented by the picture: 



O (5-6* 



O «, 



Fig. 9. The Dynkin diagram of the Lie algebra S02i- 

Specializing the general formulas (|6.5|) - (|(j.8fl to the case g = so 2l with the vector 



(10.13) i_ g = g e i.-i + ^.-^e_ 2 ,_i , 

after some calculations we obtain the following result. 

Theorem 10.1. The Drinfeldian D qri ($o 2 i) (I > i) is generated (as a unital 
associative algebra over C[ [log q, n]] ) by the algebra U q (so 2 i) and the elements £g_g, 



q ±c ._ q ±h 


6 with the relations: 






(10.14) 


[<7 ±c , everything] = 


, 




(10.15) 


q ±e -^ S -g = 




<- fori = 1,2, 


(10.16) 


q ±e -^ s - g = 




for i = 3, 4, . . . , I, 


(10.17) 


I e 2 -1, €s-e] = 


r}q e 1 ,- 1 +e 2 ,_ 


1 

^(-l)V-V fc ,_ie fe 



fc=3 



(10.18) 



K-2, Zs-e] 



2p 



fe=3 
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(10.19) 




= 


(10.20) 


[ e 2,-3i I e 2,-3' is-e\q]q 


= 


(10.21) 


[[ e 2,-3i £<5-e]<?i £s-e\q 


= 


(10.22) 




= 


(10.23) 


[ e ;-i,i £s-e\ 


= 


(10.24) 


\ e -i-i+i is-e] 


= 



By setting q = 1 in (| 1 . 1 41) (|10.24|) . we obtain the denning relations of the 
Yan gian Y n (so 2 i) in the Chevalley basis. This result is formulated as the theorem. 

Theorem 10.2. The Yangian Y n (so 2 i) (I > 4 J is generated (as a unital asso- 
ciative algebra over C[rj\) by the algebra C/(so 2; ) and the elements £g_g, c with the 
relations: 



(10.25) 
(10.26) 
(10.27) 

(10.28) 

(10.29) 

(10.30) 
(10.31) 
(10.32) 
(10.33) 
(10.34) 
(10.35) 



[c, everything 

[ e i,— i) £ti-0 

[e 2l _D £$-8 

[ e l r — 2; £s-8 

[ e 3,-2J £s-8 
s 2,-3' [ e 2,-3> 



= , 

= £ s _ for i = 1,2, 
= for i = 3, 4, . . . , I 
1 

= vJ2(- ls > ke -k,-i e k-i> 

I 

= r^(-l)V fc , 



-2 c fe,-2) 



, 
, 

. 



= (3<i,j<l, \i-j\ = l), 
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